Very accurate variational calculations with the free iterative-complement-interaction ͑ICI͒ method for solving the Schrödinger equation were performed for the 1sNs singlet and triplet excited states of helium atom up to N = 24. This is the first extensive applications of the free ICI method to the calculations of excited states to very high levels. We performed the calculations with the fixed-nucleus Hamiltonian and moving-nucleus Hamiltonian. The latter case is the Schrödinger equation for the electron-nuclear Hamiltonian and includes the quantum effect of nuclear motion. This solution corresponds to the nonrelativistic limit and reproduced the experimental values up to five decimal figures. The small differences from the experimental values are not at all the theoretical errors but represent the physical effects that are not included in the present calculations, such as relativistic effect, quantum electrodynamic effect, and even the experimental errors. The present calculations constitute a small step toward the accurately predictive quantum chemistry.
I. INTRODUCTION
Variational calculations of helium atom have often been regarded as a benchmark test of a new theory since it is the simplest two-electron real system and yet its Schrödinger equation ͑SE͒ was not solved exactly.
1 Recently, the authors have developed the free iterative-complement-interaction ͑ICI͒ theory for accurately solving the SE ͑Ref. 2-4͒ and the relativistic Dirac-Coulomb equation. 5 The theory has been applied to several atoms and molecules and successfully given highly accurate results. [6] [7] [8] [9] For example, for helium atom, the free ICI method gave the energy correct to 40 decimal figures as the solution of the SE. 8 Similar accuracy has also been recently reported for the electron-nuclear Hamiltonians of helium atom and its isoelectronic ions considering the effects of the nuclear motion. 10 These calculations may be regarded as numerically proving that one can obtain the solutions of the SE as accurately as one desires with the free ICI method.
The applications of the free ICI method have ever been restricted to the ground state and a few lower lying excited states. However, the ICI methodology is general to produce both ground and excited states. In this paper, we use the free ICI method to calculate the excited states of helium atom up to very high excitation levels. They are the 1sNs type S symmetry ones with singlet and triplet spin multiplicities.
Accurate calculations of helium atom were performed by Drake and Yan 11 for the 1 S and 3 S states up to N = 10. They used double exponent basis functions for each excited states.
However, since they calculated each excited state by using different basis functions, their individual states might not be completely orthogonal to each other. More recently, Kamta et al. 12 performed the configuration-interaction ͑CI͒ calculations with the Sturmian functions for the helium excited states with various angular momentums. For the excited states of general molecular systems up to those of biological importance, we have developed the symmetry adapted cluster-CI methodology based on the cluster expansion formalism. 13, 14 It was incorporated in the GAUSSIAN03 program package. 15 This method has long been used for studying the photorelated phenomena of small molecules to biological systems 14 and, recently, it has been extended even to giant molecular crystals. 16 It has been established as a useful efficient tool for studying chemistry and physics involving excited and ionized states. However, about the accuracy, this theory cannot be compared to the free ICI theory.
In this paper, we calculate the ground and excited states of helium atom at both the fixed-nucleus and movingnucleus levels. For molecules, the first case corresponds to the Born-Oppenheimer approximation and the latter to the non-Born-Oppenheimer level. In the latter case, 10, 17 the SE for both electrons and nuclei is quantum mechanically solved and, therefore, the results may be considered as the nonrelativistic limit. So, the comparison of the present results with accurate experimental data is very interesting. It will give us a measure of the remaining physical effects such as the relativistic and quantum electrodynamic ͑QED͒ effects. The present results would also be valuable as the accurate zeroth order wave functions for perturbatively dealing with these a͒ Author to whom correspondence should be addressed. Electronic: h.nakatsuji@qcri.or.jp.
remaining effects. 18, 19 Since the accuracy of the present theoretical result is more than that of the experimental value, we can even discuss the order of the errors existing in the experimental values.
II. THEORY
Here, we summarize the ICI method 2-4 to be pertinent for the calculations of the ground and many excited states. In our formulation of the free ICI method, we start from the simplest ICI ͑SICI͒ wave function based on the scaled SE,
where n is the iteration number, g is the scaling function introduced to overcome the singularity problem caused by the Coulomb potentials, 3,4 and C n is a variable to be determined by the variational principle. This SICI wave function has been proven to become the exact wave function at convergence. 3 The choice of the initial function 0 is important to accelerate the convergence speed.
In actual calculations, we introduce the free ICI method that is more flexible than the SICI. After some iteration, the right hand side of Eq. ͑1͒ is a sum of the analytical functions with some coefficients. We collect from there all the independent analytical functions as ͕ i ͑n͒ ͖, ͑i =1, ... , M n ͒, and by a linear combination of them, we construct the wave function as
where ͕c i ͑n͒ ͖ are the variational parameters. We call this method the free ICI method. For an increased freedom, the free ICI method converges faster than the original SICI method. In the free ICI method, we call n as "order" instead of "iteration number," since n does not depend on the former coefficients ͕c i ͑n−1͒ ͖, etc. The key point of the ICI formalism is that the exact wave function of a system is constructed by the Hamiltonian itself of the system, i.e., = f͑H͒ 0 , and Eq. ͑1͒ and ͑2͒ give an expression of this equation in an analytical expansion form.
For the calculations of many excited states, the SICI method is restrictive. In our calculations, the ground and excited states belonging to the same symmetry are calculated as the lower and higher solutions of the same eigenvalue problem obtained by applying ordinary variation principle to Eq. ͑2͒: The ground and excited states, thus, automatically satisfy the correct relationships among them. The SICI method only deals with two eigenvalues at each iteration, but the free ICI method deals with M n eigenvalues, and M n increases as the iteration proceeds. Thus, the free ICI method is superior to the SICI method for the calculations of the excited states.
III. FORMULATION
We want to solve the SE of helium atom in both fixednucleus and moving-nucleus levels to calculate the ground and 1sNs type excited states up to N = 24. The Hamiltonian quantum mechanically dealing with both electrons and nucleus is written for the helium atom as
after exactly separating the motion of the center of mass.
Here, m N represents the mass of the nucleus, is the reduced mass defined by = m e m N / ͑m e + m N ͒, in which m e is the electron mass that is equal to unity in a.u., and Z is the nuclear charge. At the fixed-nucleus case, i.e., when m N is equal to infinity, is unity and the mass polarization term ͑the second term͒ disappears. For the excited states of S symmetry, the Hamiltonian and the wave functions are expressed with the interparticle coordinates ͕r 1 , r 2 , r 12 ͖ or the coordinates ͕s , t , u͖ alone, which are connected by
In this paper, we use the ͕s , t , u͖ coordinates and the explicit form of the Hamiltonian in this coordinate was given in Ref. 10 .
In the free ICI method, the choices of the initial function 0 and the scaling function g are important. Previously, we have examined several choices for the ground state of helium atom. 8 In the present calculation, the g function was chosen to be the same as in Ref. 8, i.e.,
where V Ne and V ee are the nuclear attraction and electron repulsion potentials, respectively. For the 0 , the logarithm function previously gave excellent performance for the ground state because the logarithm singularity is very important for the three-particle coalescence region. For the higher 1sNs excited states, however, the probability of the threeparticle collision would decrease because one electron occupies the N shell Rydberg orbital, which is quite diffuse compared to the 1s orbital. As a result, a different 0 function might be appropriate for these excited states. In the present calculations, we used the half-integer type wave function of the form 8,20
where P 12 is the permutation operator that exchanges the spatial orbitals of two electrons and the signs in front of P 12 are plus for singlet and minus for triplet. 
with
where is the screening constant of the helium 1s orbital and taken to be = 0.3125. 21 ␥ j ͑1͒ represents the orbital exponent of the 1s orbital and ␥ j ͑2͒ represents the one for the js orbital. Though ␥ 1 ͑2͒ was 1.6875 for singlet, we used ␥ 1 ͑2͒ = 1.2 for triplet.
When we perform the free ICI formulations with the use of the g and 0 functions given by Eqs. ͑5͒ and ͑6͒, the resultant free ICI wave function is written as
͑9͒
where K = M n / L and the index j represents the jth exponential set, a i runs all integers and half integers, m i is 0 and positive integers, and b i runs 0 and positive integers and half integers. The condition a i + m i + b i ജ 0 must be satisfied for the square integrability of the wave function. For the calculations with moving nucleus, we used the free ICI wave function of the same form as that obtained in the fixednucleus case, i.e., Eq. ͑9͒. In other words, we ignored the functions that are generated by the mass polarization operator in the electron-nuclear Hamiltonian. 10 Actually, we have already seen in the previous paper 10 that the contributions of such terms are quite small and negligible for helium and isoelectronic ions. Table I shows the specific index ranges of the free ICI wave function of Eq. ͑9͒ at order n. At n = 1, the rule is exceptional and is explained in the table caption. The variables ͕c i ͑j͒ ͖ were calculated with the variation principle with the Hamiltonian given by Eq. ͑3͒ that includes the mass polarization term when the effects of the moving nucleus is considered.
We performed all the calculations by using the M n complement functions with M n = 5000-6000. These complement functions were generated by the free ICI algorithm and their Hamiltonian and overlap integrals were analytically calculated: These steps were mostly done with the use of MAPLE. 22 The diagonalization of the secular equation was done with the GMP library 23 for the calculations of arbitrary precision. In the calculations of moving-nucleus level, we used the alpha particle mass for the mass of helium nucleus 
IV. RESULTS

A. Free ICI calculations for the fixed-nucleus Hamiltonian
We started the calculations with the g and 0 given by Eqs. ͑5͒ and ͑6͒ and the fixed-nucleus Hamiltonian. The number of the exponential functions L in the 0 should be about the number of the excited states we want to calculate. The calculations were performed with three different choices of L = 16, 10, and 6 for the orders n = 4, 5, and 6, respectively, for which the dimensions of the free ICI became M n = 5392, 5930, and 5724, respectively, for both singlet and triplet states. With these calculations, we would be able to obtain the excited states at least up to N = L. After the diagonalization of the secular equation, the lowest solution corresponds to the ground state, the second lowest to the first excited state, and so on. These ground and excited states are automatically orthogonal and Hamiltonian orthogonal to each other. Table II shows the calculated energies of the singlet 1sNs states ͑ 1 S͒. The first column shows the results up to N = 24 obtained with L = 16 and n =4 ͑M n = 5392͒. The energies of the excited states of N =2-20 were correct over 16-17 digits. The solutions for N = 21-24 were slightly worse because the number of the exponents included in the initial function was only 16, which was short as the initial guess for these higher excited states. Even so, the solution of N = 24 retained the accuracy correct to about 14 digits. One TABLE I. The specific index ranges of a i , m i , and b i of the free ICI wave function of Eq. ͑9͒ at order n. ͑At n = 1, the functions ͓a i , m i , b i ͔ = ͓−2,2,0͔ , ͓−2,2,1/ 2͔ are eliminated͒. The free ICI method generates all of the combinations satisfying the equalities and inequalities in the table. 
Excited states of helium with the free iterative-complement-interaction method J. Chem. Phys. 128, 154108 ͑2008͒
could obtain larger number of accurate solutions than the number of the different exponents included in the 0 . For the higher excited states, the energy levels were almost degenerate. The energy difference between the states of N = 23 and 24 was only 7.851 784ϫ 10 −5 a.u. Thus, the density of states was very high there which made the calculations of these highly excited states difficult in general. For the ground state ͑N =1͒, the accuracy was about 15 digits, which was slightly worse than those of N = 2 -20. Since the ground state is considerably low apart from the other excited states and has different closed-shell electronic structure, it may be differently treated from the other excited states. 10 The wave function with logarithm weak singularity was essential for the ground state, since the three-particle collision may occur more frequently than in the excited states.
8,25-27
The results with L = 10 and n =5 ͑M n = 5930͒ are shown in the second column of Table II up to N = 15. Because of the increased order n, the accuracies of all of the states to N = 14 have been improved. The accuracy of the ground state was over 17 digits and those for N =2-13 were 18-20 digits, which were variationally better than those reported by Drake and Yan. 11 For N = 14, however, the accuracy slightly got worse to be about 17 digits, and for N = 15, the accuracy was less than 17 digits which was slightly worse than the solution with n = 4. This is clearly due to the small L values, i.e., the lack of the adequate exponents for these excited states in the initial function 0 .
The results with L = 6 and n =6 ͑M n = 5724͒ are also shown in Table II up to N = 8. The calculated energies of these states were further improved. The accuracy of the ground state achieved 20 digits, and those of the other excited states achieved 20-23 digits. These results were variationally best as the energies of the excited states. This is a numerical evidence that the free ICI method is useful to calculate very accurate solutions of the SE even for the excited states.
Similar calculations for the triplet states ͑ 3 S͒ are shown in Table III for the orders n = 4, 5, and 6. The behaviors of the calculated results were quite similar to those for the singlet states. At the same excitation level N, the energy of the triplet state was lower than that of the singlet state, which follows Hund's rule. The accuracies of the triplet states were better than those of the singlet states by two to three digits at the same condition of the calculations. This is due to the smaller correlations between the two electrons of parallel spins for the Fermi hole. Drake and Yan 11 showed the results up to N = 10: Our results for n = 5 and 6 were variationally better than theirs. More recently, Kamta et al. 12 calculated the energies of the triplet states up to very high levels, but their results were less accurate than ours for all the states.
B. Free ICI calculations for the moving-nucleus Hamiltonian
Next, we performed the calculations for the movingnucleus Hamiltonian. There are only few references of the theoretical calculations for the highly excited states of helium atom with this Hamiltonian. So, this is the first very accurate variational calculations for such states. We used the ͑L͒ given in Eqs. ͑5͒ and ͑6͒ for the fixed-nucleus Hamiltonian ͑the correct figures are shown in boldface͒ and a comparison with the reference. same g and 0 given by Eqs. ͑5͒ and ͑6͒ with three different sets of the exponential functions for 0 , L = 16, 10, and 6. We performed the free ICI calculations to the orders n =4 ͑M n = 5392͒, 5 ͑M n = 5930͒, and 6 ͑M n = 5724͒, respectively.
Tables IV and V show the energies for the singlet ͑ 1 S͒ and triplet ͑ 3 S͒ states, respectively, to N = 24, 15, and 8 for n =4, 5, and 6, respectively. The convergence behaviors were almost the same as those for the fixed-nucleus case for both the singlet and triplet states. The accuracies of the calculations for n = 4 were observed to be in about 14-17 digits for all the states up to N = 24. For the states up to N = 8, the best performance was obtained in the calculations of the order n =6: The results were correct over 20-23 digits in accuracy. Thus, the convergence of the free ICI to the exact solutions was very good also for the moving-nucleus Hamiltonian. We calculate the energy difference between the energies of the fixed-nucleus ͑E FN ͒ and moving-nucleus ͑E MN ͒ calculations, given by
As previously shown, 10 ⌬E includes the two effects arising from the reduced mass and from the mass polarization operator, although these two effects cannot be separated as physical quantities. The fixed-nucleus energy is easily transformed to the energy for the reduced mass by E FN with the reduced mass . This energy is obtained from the Hamiltonian that does not include the second mass polarization term of Eq. ͑3͒ but whose retains the value of the finite nuclear mass. Then, the energy difference,
represents the mass polarization effect in the total energy. This energy includes the effect of the mass polarization to any order because E MN was variationally calculated for the Hamiltonian given by Eq. ͑3͒.
In Table VI , ⌬E and ⌬E MP are shown for both singlet and triplet states for the calculations of n =4. ⌬E was always positive for all the states because the nuclear kinetic energy contained in E MN was always positive. For both singlet and triplet states, when N grows up, the 1sNs state converges to the one-electron ionized state, 1sϱs state, which is the state of He + +e − and its exact energy is −2 a.u. in the fixed-nucleus approximation and −2 = −1.999 725 850 872. . . a.u. in the moving-nucleus level. So, ⌬E should converge to −2 − ͑−2͒ = 2.741 491 ϫ 10 −4 a.u. at N = ϱ. The ground state had the largest value ⌬E = 4.198 193ϫ 10 −4 a.u., the second was the N = 2 triplet state of 2.991 875ϫ 10 −4 a.u., and the next was its singlet state of 2.954 584ϫ 10 −4 a.u. When N grew up, ⌬E monotonically converged to the limit of N = ϱ, i.e., 2.741 491 ϫ 10 −4 a.u. and, therefore, ⌬E became small as N increased. At the same quantum number N, ⌬E for the triplet state was larger than that for the singlet state.
⌬E MP was quite small in the moving-nucleus effect compared to the reduced-mass effect ⌬E. It was 2.179 255 ϫ 10 −5 a.u. for the ground state, which was largest among all the states. In the ground state, two electrons occupy the 1s orbital and their positions are very near the nucleus, so that the polarization effect of the center of mass is thought to be large. 10 The second largest state on ⌬E MP was the singlet N = 2 state, 1.300 018ϫ 10 −6 a.u., and then the corresponding triplet state, 1.018 907ϫ 10 −6 a.u. At the same quantum number N, ⌬E MP for the singlet state was larger than that for the triplet state, although for ⌬E, the relation was converse. In TABLE VI. Energy differences ͑a.u.͒ ⌬E of Eq. ͑10͒ between the fixed-nucleus and moving-nucleus calculations and the mass polarization effect to the total energy ⌬E MP of Eq. ͑11͒ calculated with the moving-nucleus Hamiltonian for singlet and triplet states with 0 ͑L͒ of L = 16 and n =4 ͑M n =5392͒. ͑The correct figures are shown in boldface.͒ 
the triplet state, two electrons cannot occupy the same spatial coordinates by the Pauli exclusion principle, so that the two electrons tend to be apart from each other. As the excitation level becomes higher, ⌬E MP becomes very small. For N = 24, the order of ⌬E MP was 10 −10
. For highly excited states, the state is similar to the ionized state: One electron is very far from the nucleus and is extremely delocalized, so that the mass polarization effect becomes almost negligible and the simple reduced-mass effect becomes dominant in ⌬E.
C. Excitation energies
We examine here the excitation energies from the ground state to the 1sNs excited states and compare the present theoretical results with the available experimental data. [28] [29] [30] The accuracies of the experimental values were less than ten decimal figures in a.u. and they were limited to N = 15 for singlet and 17 for triplet, so that our theoretical results with n = 4 were sufficient in accuracy to compare with the experimental values. We show in Tables VII and VIII the excitation energies from the ground state for the singlet and triplet states, respectively. In each table, the excitation energies for both of the fixed-nucleus ͑E ex FN ͒ and moving-nucleus ͑E ex MN ͒ levels are presented, and ⌬E ex FN and ⌬E ex MN show the differences between the theoretical and experimental values for both the fixed-nucleus and moving-nucleus levels. At the bottom of the tables, we gave the value for N = ϱ, which is the ionization energy.
In Tables VII and VIII , we see the natural trends that the spacing of the neighboring excitation energies becomes smaller and smaller as N increases and that the triplet excitation energy to the Ns state is smaller than the corresponding singlet one. The theoretical excitation energies agreed quite well with the experimental values and the agreement was improved when the quantum effect of the nuclear motion was considered. The differences from the experimental values at the fixed-nucleus approximation ⌬E ex FN were almost constant at around 0.000 15 a.u. except for a few lowlevel states, and those for the moving-nucleus level ⌬E ex MN were much smaller and also almost constant around at 0.000 008 again except for a few low-level states. The inclusion of the effect of nuclear motion increased the accuracy of the theoretical results by the two orders of magnitude up to 10 −6 a.u. The present theoretical results for the moving-nucleus Hamiltonian are considered to be a nonrelativistic limit, so that we mainly discuss the difference ⌬E ex MN from the experimental value at this level of accuracy. Since the accuracy of the present theoretical result is high enough as a solution of the electron-nuclear SE, the source of the difference ⌬E ex MN lies in the relativistic effect, the QED effect, and even the errors in the experimental value: The theoretical and numerical errors do not exist at this level of digits of the present results. Since the values of ⌬E ex MN were fairly constant for N larger than 5, around 0.000 008 1-0.000 008 5, these values and the large deviations for N = 2 and 3 for singlet and for N =2-4 for triplet would be physically meaningful and would have some clear origins. We expect that the relativistic and QED effects are the main sources of the value of ⌬E ex MN . They are certainly expected to be large for the lower states of N =2-4. Since the speed of the electrons moving around the nucleus becomes larger as N becomes smaller, the relativistic effect is expected to become larger as N becomes smaller. Further, from the irregular changes of the values of ⌬E ex MN in the order of 10 −7 a.u., we also estimate the existence of some experimental errors in this order. For the ionization potential, the value of ⌬E ex MN lay in the same order as above, 28 although it was a bit large in the order of 10 −7 a.u. as a limiting value of the excitation energy at N = ϱ.
In the experimental side, the accurate data of the excitation energy were available only up to N = 15 for singlet and N = 17 for triplet and the data for the higher 1sNs states are now not available. So, the present theoretical values give highly accurate predictions for these states.
V. CONCLUSION
In this report, we used the free ICI methodology to solve the SE of the helium atom not only for the ground state but also for many excited states. We solved the SE for both the fixed-nucleus and moving-nucleus Hamiltonians and calculated the ground and excited states of S symmetry ͑1sNs͒ up to N = 24 for both singlet and triplet states. This is the first extensive applications of the free ICI method to the systematic calculations of many excited states. We were successful in obtaining very accurate excited states that are variationally better than the existing theoretical results for all the states up to N = 24. In the free ICI formalism, we can easily calculate the excited states by introducing appropriate initial functions that mimic the target excited states into the initial function 0 . In the present calculations, this has been done by introducing many different exponents in the 0 . From such 0 , the free ICI method generated the complement functions not only for the ground state but also for the excited states. The solutions for all the states of the same symmetry were obtained by a single diagonalization, so that all of them satisfy the Ritz-type variational principle and the orthogonality to each other.
We compared the calculated theoretical excitation energies with the experimental data. The results for the fixednucleus Hamiltonian reproduced the experimental excitation energies up to 10 −3 a.u. Those for the moving-nucleus Hamiltonian, which correspond to the nonrelativistic limit, further agreed with the experimental values to 10 −5 a.u. The remaining differences from the experimental excitation energies originate from the physical effects such as relativistic effect, QED effect, and also from the experimental errors. The present theoretical results are correct at the nonrelativistic Schrödinger level to higher digits than the experimentally reported values. Further theoretical improvements would be obtained by introducing the relativistic effects and the QED effects. We have already reported that the free ICI method is also useful for solving the relativistic DiracCoulomb equation of helium atom and its isoelectronic ions.
5
When we study the QED effect by the perturbation method, the present results and the results for the Dirac-Coulomb equation would be the excellent zeroth order functions. Thus, we have been able to show that with the free ICI methodology for solving the SE, we can obtain highly accurate theoretical results that are, in some sense, more accurate than the existing experimental values and, therefore, that have truly accurate predictive power. This is a step for accurately formulating predictive quantum chemistry and science based on the calculations of the Schrödinger accuracy, which we want to systematically build up in future.
